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Abstract 

We present an explicit formula for integrals of the open 2D Toda 
lattice of type A n . This formula is applicable for various reductions of 
this lattice. To illustrate the concept we find integrals of the Toda G2 
lattice. We also reveal a connection between the open Toda A n and 
Shabat-Yamilov lattices. 

1 Introduction 

The most well known representatives of the class of exactly solvable hyper- 
bolic systems are open 2D Toda lattices 

u i>tx = exp (A)u 3 ) , j = 1, . . . , n, (1) 

where (Aj) is the Cartan matrix of a simple Lie algebra. A general method 
of integration of such systems was proposed by Leznov and Saveliev [I]. 
The version of lattice corresponding to classical series A n was known 
to Darboux who also found its general solution. Exactly solvable systems 
have a few characteristic properties that set them apart from the multitude 
of all other systems. These include in particular: finiteness of chains of 
generalized Laplace invariants [2J [3], presence of non-trivial integrals, and 
generalized symmetries. It is also known that the latter two structures are 
related to each other by means of a differential operator mapping integrals to 
symmetries [I]. Systems ([T]) have long been known to possess the complete 
sets of integrals [5], however, the explicit formulas for them have never been 
presented apart from a few particular cases. In this paper we suggest a 
solution of this problem for the A n Toda lattice and its reductions. 

The simplest hyperbolic integrable equation is the dAlembert equation 

w tx = 0. (2) 
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It is not obvious, however, how this equation can be generalized to the case of 
higher order equations or systems of equations when it is written in this form. 
If we introduce the new dependent variable w = log(w), then ([2} becomes 
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u u t 

^x ^tx 
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The obvious generalisation of ([3]) is the 2n-th order equation 
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where u t ...t x ...x = d^d^u. For brevity we write equation (TjJ as 

W n+1 (u) = 0. 

This equation is central for our further considerations. In the sequel it will 
be referred as the higher d'Alembert equation. Equation (j3J) can be viewed 
as the zero condition for the Wronskians: 

W(u, u x ,..., u x ... x )(t) = 0, W(u, u u ..., u t ...t)(x) = 0. 

From this we can deduce the general solution 

u = X 1 {x)T 1 (t) + X 2 (x)T 2 (t) + ■■■ + X n (x)T n (t), (5) 

where Xi,Ti are arbitrary functions. 

Apparently there are different ways of writing (jl]) as a system of equations. 
It was shown by Darboux that quantities Wj(u) satisfy the recurrent relation 

{\nW J ) xt = W 3 . 1 W ]+l W- 2 , W = l, W 1= u. (6) 

This relation initially appeared in connection with studying the Laplace in- 
variants of hyperbolic equations. Upon introducing the new quantities 



Wj(u) = exp(wj), 
equation (J3]) is transformed into the system 

w j>xt = exp(ttfj_i - 2wj + w j+1 ), w n>xt = 0, j 
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(7) 



(8) 
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with the boundary condition wq = 0. Note that we can eliminate w n from 
this system by means of the transformation 

The resulting system reads 

w j)Xt = exp(wj-i - 2wj + Wj+i), w = w n = 0, j = 1 . . .n - 1. (9) 

System (j5j) is often referred as the open (finite, non-periodic) Ai-i Toda 
lattice. Therefore equation (j3J) and the open A n Toda lattice are arguably the 
simplest generalisations of the d'Alembert equation for higher order equations 
and systems of equations. We may wonder if there are other systems related 
to equation (j3J) which have reasonably compact form? Apparently any other 
system reducible to equation (j3J must also be related to flSD- The other 
question we are interested in is: How other structures related the solvability of 
the higher d'Alembert equation are related to those of corresponding systems 
of equations. Obviously the integrals of equation (jl]) are integrals of (jHJ) as 
well. Surprisingly the formula for the scalar equation is much simpler than 
for the corresponding system of equations. 



2 Integrals of open Toda Lattices 

Let us review some properties of higher d'Alembert equation. We have al- 
ready indicated its general solution due to Darboux, now we want to show 
that it also possesses n + n independent integrals. Note that due to the 
symmetry x t it suffices to present t— integrals only. Recall that a func- 
tion of unknowns and their derivatives is called t— integral if it satisfies the 
characteristic equation D t u = 0, see [2] for detailed exposition. 

Proposition. Equation (j3J) admits n independent t— integrals of the form 

= u£> ( 10 ) 

where W n ^ is the determinant derived from W n by replacing its z-th row by 

(^tt,^ft«,^fi?tt,...,ajar 1 ti). 

Perhaps the easiest way to prove this statement is to show that integrals 
(HOP become functions of one variable after substituting expression of general 
solution (jSJ) into (ITU]) . Indeed, after substituting we get 

W n , t = W(T U . . . ,T n )(t) EjXj n) Cij(x), 
W n = W{X U . . . , X n ){x) W{T U . . . , T n )(t), 
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where Cy{x) is the cofactor of the entry (W(Xi, . . . , X n )(x))ij. Therefore 
the integrals of (jl]) are parametrized by functions Xi(x) the following way 



W(X u ... 1 X n )(x) 



Independence of these integrals follows from formula fTTOl) itself. 

Remark. Formula ffTOj) provides us with the explicit expression for inte- 
grals not only of (j4]), but of ([8]) as well. Note that u = W\ = exp(wi), and 
hence UJi can be expressed in terms of the single quantity w\ = log(u). 

Instead of (jl]) and ([8]) we could have started with system One can 
show that the latter is equivalent to the scalar equation [lj 

W n (u) = (-l)^- 1 )/ 2 . 

In this case the formulas for integrals should be modified: 

W* ■ 

«, = ^, (id 

where W* i is the determinant derived from W n by replacing its z-th row by 

{d: + \, d: +i d tU , d: +i d? u , ^ar 1 *). 

Formulas (fTOI) and (flTi) can be used for finding integrals of various lattices 
derived from equation (jl]). This includes the 2D Toda lattice corresponding 
to Cartan matrix of the Lie Algebra A n and its reductions, other version of 
the 2D Toda lattice given by (1181) . and also the Shabat-Yamilov lattice (see 
below). These formulas express integrals in terms of one unknown variable 
and its derivatives. The formulas are therefore valid as long as this variable is 
not affected by reduction or by a change of variables. Otherwise the formulas 
must be modified accordingly. 

Let us now demonstrate this with example of the G<i Toda lattice 

p tx = exp(-2p + q), q tx = exp(3p - 2q), (12) 

where W\ = p, w 2 = q. Lattice f|T2l is known to be a reduction of A 6 Toda 
lattice, therefore its integrals are given by formula (fTTl) in which all mixed 
derivatives should be replaced according to system (fl2i) . From formulas (J7J) 
and (fTTj) we have 

w<m(«*p(p)) 



W 6 (exp(p)) 
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and thus 




3q x p x + q xx + 3p 2 x , 

1 Q^6,xx — ^3 — ^6,xxx 

- (u%) xx /2, u) X = uj* iX /2, 



where 



ll>2 = 2p 6 + 2p 2 P4 - QOpjpl + IZPiPi - 28p\p 3 - 6g 4 P2 - 6p 3 g 3 - I3q 2 pj 
+2p 2 qf - 2p 1 (q 5 - 2p 5 ) + Uq 3 pf - I0p 2 q 2 + 4<?ig 2 p 2 + 26p 1 p 2 q 3 + p 2 3 
+2q 4 pj + 30p 3 qtpl - 2Ap 3 2 - Aq 2 p 4 + 30pip 3 g 2 - 6piq 2 P3 ~ 14g 3 Pi?i 
+4gig|pi - 38p 1 q 1 q 2 p 2 + 18pip 4 <?i - \2q 3 p 2 q x + 2gfpig 3 + 36p 2 p 3 q 1 
-18ptp 2 qf - 12gip 3 g 2 + 36p 1 q 1 p 2 l + pf(q 1 - pi) 2 (qi - 2p x ) 2 - 2g 2 pf 
— 2p|9i - 10g 2 g3Pi - 14p 4 p? + 34g 2 p^ - \<oq\q 2 p\ - Ap A qf + 4qfq 2 pi 
-48pfp 2 gi - 12p x p 2 p 3 - Aqiq^pi + 16gig 2 p? + 50pjp 2 qf + 68p 2 q 2 pj. 

To save space we have denoted Pi = d x p, qi = d x q. 

The other property which is common among explicitly solvable equations 
is presence of generalized symmetries. The generalized symmetries of the 
higher d'Alembert equation can be obtained from its integrals by means of 
the formula 



where u> and u are t— and x— integrals of (j4j). 

3 Analogs of open Toda lattices 

Previously we have raised the question of whether there are other lattices as- 
sociated with equation (j3J) which would have reasonably simple form. Below 
we present two such examples of this sort: the Shabat-Yamilov lattice and the 
other form of the 2D Toda lattice. We are unaware whether the connection 
between these lattices and equation (j2J) has been mentioned elsewhere. 
The following lattice 



was introduced by Shabat and Yamilov [7] as one the 2D anolgs of the de- 
generations of the Landau-Lifshitz model. One can check that on solutions 
of (jl]), the quantities 




(13) 




(14) 



Wj = d u \ogWj(u), j = 1, . . . ,n - 1, 



(15) 
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satisfy equations of lattice (jHJ) along with the boundary conditions 



w = 0, w n = oo. 

Lattice (THI) can therefore be viewed as an analogue of the open A n Toda 
lattice. The Shabat-Yamilov lattice has some well known particular cases, 
for example, for n = 3 we have the degenerate Lund-Regge (complex sine- 
Gordon I) system 

wv t v x vw t w x 

v tx = -, w tx = -, (16) 

vw — 1 vw — 1 

where w\ = 1/v, u>2 = w. System (fl6|) was used in jU [8] as a working 
example for demonstrating properties of Liouville-type systems. 

Note that equation (J4j) admits reductions that make it possible to con- 
struct analogues of lattice (fill) corresponding to Lie algebras C n ,B n , and 
possibly D n . This problem will be considered elsewhere. Instead we give 
one example of such lattice that is akin to the Toda C% lattice. One can 
verify that equation Ws(u) = admits the reduction Ws(u) = u. The latter 
equation can then be written as the system 

wv x v t vw x w t (wv-l) 3 v 
Vtx = r, w tx = ~ — 2 , (17) 

WV — 1 WV — 1 v t V x 

where 

1/v = dMW.iu)) = 1/u, w = d u log(W 2 (u)) = ^ . 

Ut x U — U x Ut 

Yet another example of a lattice related to equation (j3J) is given by 

v jttx = exp(v j+1 - Vj) - exp(vj - u^-i), j = 1, . . . , n - 1 (18) 

with the boundary conditions 

Vq = oo, v n = — oo. 

This is another well known avatar of the 2D Toda lattice. The transformation 
relating (jHJ) and (fT8|) is given by 

Vj = Wj - Wj-!. 

On the other hand system of equations ([TBI is related to (j4j) via the trans- 
formation 



log(— log(W i+1 (w))) > ] = 0,...,n-2, 
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where 

d 2t u 



u ■ ■ — 

33 dPdxi ' 

There are examples of explicitly solvable systems which seem to be related 
to equation (TJJ of a particular order. Consider, for example, the equation 

W 4 (u) = 0. (19) 

Introducing the variables 

, / v 4 Trr/ , ac d log(W 3 (u)) 

m=-21og(u), v = — W 2 (u), w = - ^ 3V 

a Au ou tx 

we may rewrite equation (TL91 as the system 



a . . wv x w t vw t w x a 

m t x = -vexp(m), v tx = — , w tx = ■ h ~{vw + c) exp(m). (20) 

2 vw + c vw + c 4 

This system was obtained in [9] as a degenerate version of an S-integrable 
system. 

The general solutions and integrals of the above systems can be easily 
derived from formulas (j^D and (TTU]) . Of course, the transformations given 
above do not exhaust all possible connections between equations of type (j3J 
and open 2D lattices. 
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